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Abstract. 

In this paper we discuss compactness estimates for the 9-Neumann problem in the 
setting of weighted i^-spaces on C". For this purpose we use a version of the ReUich 
- Lemma for weighted Sobolev spaces. 



1. Introduction. 



Let f2 be a bounded pseudoconvex domain in C". We consider the 9-complex 

where L'^q^^{Q) denotes the space of (O,g)-forms on Q with coefficients in L'^{Q). The 
9-operator on (0, g)-forms is given by 

\ J / j=i J ^ 

where ^ means that the sum is only taken over strictly increasing multi-indices J. 
The derivatives are taken in the sense of distributions, and the domain of d consists of 
those (0, g)-forms for which the right hand side belongs to L^q ^_^^^-^{Q). So 9 is a densely 
defined closed operator, and therefore has an adjoint operator from L"^^^ ^^-^^^{Q) into 
-^(Og)(^) denoted by d* . 

The complex Laplacian □ = dd* + d* d acts as an unbounded selfadjoint operator 
on L^gg-j(fi), 1 < g < n, it is surjective and therefore has a continuous inverse, the 

9-Neumann operator Nq. If f is a (9-closed (0, q + l)-form, then u = d Nq^iv provides 
the canonical solution to du = v, namely the one orthogonal to the kernel of d and so 
the one with minimal norm (see for instance [ChShj ). 

A survey of the L^-Sobolev theory of the 9- Neumann problem is given in jBSj . 
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The question of compactness of A^^^ is of interest for various reasons. For example, com- 
pactness of Nq implies global regularity in the sense of preservation of Sobolev spaces 
|KN] . Also, the Fredholm theory of Toeplitz operators is an immediate consequence of 
compactness in the 9- Neumann problem |HIj . [CDj . There are additional ramifications 
for certain C*-algebras naturally associated to a domain in |SSU] . Finally, com- 
pactness is a more robust property than global regularity - for example, it localizes, 
whereas global regularity does not - and it is generally believed to be more tractable 
than global regularity. 

A thorough discussion of compactness in the 9-Neumann problem can be found in [FSl] 
and [FS2j . 

The study of the 9-Neumann problem is essentially equivalent to the study of the 
canonical solution operator to d: 

The 9- Neumann operator Nq is compact from L^q {Q) to itself if and only if the 
canonical solution operators 

d*Nq:L%^^-^in)^Ll^^_,^{n) and W Nq^, : Ll^^^,^{n) ^ q.^^^in) 

are compact. 

Not very much is known in the case of unbounded domains. In this paper we continue 
the investigations of |HaHe] concerning existence and compactness of the canonical 
solution operator to d on weighted L^-spaces over C"", where we applied ideas which 
were used in the spectral analysis of the Witten Laplacian in the real case, see |HeNi] . 
Let (f : C" — > be a plurisubharmonic C^-weight function and define the space 

L2(C",^) = {/:C"-^C : / \ffe-^dX<^}, 

where A denotes the Lebesgue measure, the space L'^q ^-^{C^ , ip) of (0, l)-forms with 
coefficients in //^(C", y?) and the space L'^^ 2)i'^"' > f) of (0,2)-forms with coefficients in 
L2(C",(^). Let 

denote the inner product and 

\\f\\l= f l/lV-rfA 

the norm in L^(C"', ip). 

We consider the weighted 9-complex 

L2(C",^) -^4,i)(C",^) -^Ljo,2)(C",¥.), 

where (9* is the adjoint operator to d with respect to the weighted inner product. For 
u = ^"=1 Ujdzj G dom(9^) one has 
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The complex Laplacian on (0, l)-forms is defined as 



where the symbol is to be understood as the maximal closure of the operator 
initially defined on forms with coefficients in C^, i.e., the space of smooth functions 
with compact support. 

is a selfadjoint and positive operator, which means that 



for /, G dora{d) fl dom{d^). The weighted 9-Neumann operator A^^ is - if it exists - 
the bounded inverse of D^p. 

There is an interesting connection between d and the theory of Schrodinger operators 
with magnetic fields, see for example |Chj . [B] . |FS3j and |ChF] for recent contributions 
exploiting this point of view. 

Here we use a Rellich - Lemma for weigthed Sobolev spaces to establish compactness 
estimates for the 5-Neumann operator on L^g i)(C"', (p) and we use this to give a new 
proof of the main result of |HaHej without spectral theory of Schrodinger operators. 



In the weighted space L^g we can give a simple characterization of dom (9*): 

Proposition 2.1. Let f = J2 fi'^j ^ -^(o V^)- Then f G dom{d*^) if and only if 



such that \{dg,f)^\ < C\\g\\^ for all g G dom{d). To this end let (X-R)-ReN be a family 
of radially symmetric smooth cutoff funtions, which are identically one on B^^, the ball 
with radius R, such that the support of xr is contained in B^^+i, supp{xr) C B^^+i, 
and such that furthermore all first order derivatives of all functions in this family are 
uniformly bounded by a constant M. Then for all g G C^(C"): 



(□^/,/)^>0, for / G t;om(n^). 
The associated Dirichlet form is denoted by 



QM\9) = {df,dg)^+{d;f,d;g) 



2. Weighted basic estimates. 





- of- fjj G L'^{C^,(p), which equivalently means 
We have to show that there exists a constant C 
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by integration by parts, which in particular means 



\{d9J)A = jiin \{dg,XRf)v\ = liin 



R—*oo 



Now we use the triangle inequality, afterwards Cauchy - Schwarz, to get 



lim 



< lim 

R—^oo 



I Y.9^bcRf,e--)d\ 

l^XRg'E^il.e--) dX 



+ lim 

R—*oo 



< lim WxrqI 



R—*oo 



i=i ^ 



+ M\\g\\Jf\\^ 



d 



j=l 1 



Hence by assumption, 

\{dg,f),p\ < Ibll^ 



j=i J 



+ M\\g\\Jf\\^ < C\\g\ 



for all g e C^(C"), and by density of C^(C") this is true for all g e dom{d). Conversely, 
let / e dom(dl) and take g e C^(C"). Then g e dom(d) and 

n r% 
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Since C^(C"') is dense in L^(C", <^), we conclude that 

s;/--' El- 



which in particular implies that e*^ I^j=i ^ (/jC G L^(C", 99) 



□ 



The following Lemma will be important for our considerations. 
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Lemma 2.2. Forms with coefficients in C(^(C") are dense in dom{d) r\dom{d*^) in the 
graph norm f ^ (11/11^ + P/ll^ + P^/ll^^ ■ 

Proof. First we show that compactly supported L^-forms are dense in the graph norm. 
So let {Xi?}-ReN be a family of smooth radially symmetric cutoffs identically one on 
Mfi and supported in B^j+i, such that all first order derivatives of the functions in this 
family are uniformly bounded in by a constant M. 

Let / G dom{d) fl dom{d^). Then, clearly, xrI ^ dom{d) fl dom{d^) and xrI ^ / in 
-^(0 ip) as R ^ oo. As observed in Proposition 12.11 we have 

j=l 3 

hence 

j=l 3 

We need to estimate the difference of these expressions 

- d^ixRf) = d^f - XrQJ + 2^ 

j=i J 

which is by the triangle inequality 

\Wj-K^XRf)h<\Wj~XRKfh + MY, I \f,\'e-^dX. 

Now both terms tend to as i? — oo, and one can see similarly that also d{xRf) ^ df 
as i? — i> oo. 

So we have density of compactly supported forms in the graph norm, and density 
of forms with coefficients in C^(C") will follow by applying Friedrich's Lemma, see 
appendix D in [ChShj . see also [Jo]. □ 

As in the case of bounded domains, the canonical solution operator to d, which we 
denote by 5^, is given by d^N^. Existence and compactness of A^^ and are closely 
related. At first, we notice that equivalent weight functions have the same properties 
in this regard. 

Lemma 2.3. Let ipi and ip2 be two equivalent weights, i.e., < ||.||i^2 — 

for some C > 0. Suppose that S^^ exists. Then S^^ also exists and S^^ is compact if 

and only if S^^ is compact. 

An analog statement is true for the weighted d-Neumann operator. 

Proof. Let l be the identity l : L^q j^^(C", y^i) L'^^ ^^{C" , {p2) , if = /, let j be the 
identity j : — > L^^ and let furthermore P be the orthogonal projection onto ker(9) 
in . Since the weights are equivalent, l and j are continuous, so if S^p^ is compact, 
j o S^^ o i gives a solution operator on L'^^ ^-^{C^ , ipi) that is compact. Therefore the 
canonical solution operator S^-^ = P o o S^^ o 6 is also compact. Since the problem 
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is symmetric in ipi and 992, we are done. 

The assertion for the Neumann operator follows by the identity 



□ 

Note that whereas existence and compactness of the weighted (9-Neumann operator is 
invariant under equivalent weights by Lemma [2.3[ regularity is not. For examples on 
bounded pseudoconvex domains, see for instance [ChShj . chapter 6. 



Now we suppose that the lowest eigenvalue of the Levi - matrix 

9V 



dzjdzk 



jk 



of ip satisfies 



liminf X^{z) > 0. 

|2|-^00 



Then, by Lemma [273| we may assume without loss of generality that A<^(z) > e for some 
e > and all 2; G C"", since changing the weight function on a compact set does not 
influence our considerations. So we have the following basic estimate 

Proposition 2.4. 

For a plurisuhharmonic weight function ip satisfying (*), there is a C > such that 

Mi<ci\\du\\i + \\d;u\\i) 

for each (0, l)-form u &dom{d) fl dom{d*^). 

Proof. By Lemma 12.21 and the assumption on (f it suffices to show that 



j,k=i 



ay 

dzjdzk 



UjUk e 



dX < 



2 I Il2 

^ + \\d^u\\^, 



for each (0, l)-form u = J2k=i ^fc with coefficients Uk E C(f (C"), for k = 1, 



n. 



For this purpose we set 6^ 



d 



1^ and get since 



dzj A dzk 



that 



\\du\\l+\\dlu 



j<k 

du 



j<k 



2_ _ 9uk_ 

dzk 



dzi 



•dX + 



n lb 

/ ^3^3 ^kUk 
■^''"j,k=i 



kUke '^dX 



j,k=i 



n 



E 

j,k=i ■ 





2 


dzk 








/ 


dzk 



'dx+ T [ ( 

! n „ 



5jUj 6kUk - 



duj duk 
dzk dzj 



e-^ dX 



5j, 



_d_ 

dzi 



Uj Uk e 



where we used the fact that for f,gE C(f (C") we have 



Since 



df 

dzk 



5-^ 



if, hg)^- 



9V 



dzjdzk ' 



and if satisfies (*) we are done (see also [H]). □ 

Now it follows by Proposition 12.41 that there exists a uniquely determined (0, l)-form 
N^u Gdom ((9) n dom (5^) such that 

and again by 12.41 that 



\dKu\\l 



\d^N^u\\l<C4u\\l 



as well as 



\N^u\\l < C2{\\dN^u\\l + \\dlN^u\\l) < C,\ 



u\ 



where Ci,C2,C3 > are constants. Hence we get that is a continuous linear 
operator from L^q ^^^(C", y?) into itself (see also or |ChSh] ) . 



3. Weighted Sobolev spaces 



We want to study compactness of the weighted 9-Neumann operator N^. For this 
purpose we define weighted Sobolev spaces and prove, under suitable conditions, a 
Rellich - Lemma for these weighted Sobolev spaces. We will also have to consider their 
dual spaces, which already appeared in |BDH] and [KMj . 

Definition 3.1. 

For k eN let 

iy^(C",(^) := {/ G L2(C",<^) : D"/ G L2(C",^) /or |a| < A;}, 
where D° = gc^^f '^gc^^y^ for {zi, . . . , 2„) = (xi, . . . , x„, ?/„) with norm 

11/111,= E 

\a\<k 

We will also need weighted Sobolev spaces with negative exponent. But it turns out 
that for our purposes it is more reasonable to consider the dual spaces of the following 
spaces. 

Definition 3.2. 

Let 

X- = — - — andY- = — - ^ 
^ dxj dxj ^ duj di/j^ 
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for j = 1, . . . ,n and define 

^yl(C^^,Vvp) = {/GL2(C^^) F,/GL2(C",^),j = l,...,n}, 

with norm 
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In the next step we will analyze the dual space of W^{C"', ip, V(p). 
By the mapping / {f,Xjf,Yjf), the space W^{C"',ip,'V(p) can be identified with a 
closed product of L^(C", ip), hence each continuous linear functional L on IV^(C", 9?, V(p) 
is represented (in a non-unique way) by 

L(/)= / f{z)go{z)e~^^^UX{z) + J2 [ {X,f{z)g,{z) + Y,f{z)h,{z))e-^^^U\{z), 

for some gj, hj G L^(C" , 

For / e Co"^(C") it follows that 



/ f{z)go{z)e-^^^U\iz)-J2 [ /(^ 



dgjjz) ^ dhj{z) 
dxj dyj 



-ip{z) 



d\{z) 



Since C^(C"') is dense in W^{'C^, if, Vy^) we have shown 



Lemma 3.3. 

Each element u G H^^^(C", y?, Vy^) := {W^ {C^ , (p (p))' can he represented in a non- 
unique way by 

•sr-^ / dgj dhj 



where gj, hj G L^(C", (p). 

The dual norm ||m||-i,i^,v</3 := sup{|m(/)| 



■,Vip < 1} can be expressed in the form 



\u\ 



-i,^,v^ = inf{|koir + $^(||^?,ir + 

i=i 

where the infimum is taken over all families {gj, hj) in L^(C", ip) representing the func- 
tional u. 

(see for instance [T] ) 

In particular each function in L^(C", y?) can be indentified with an element of iy~^(C", (p>, V^?)- 
Proposition 3.4. 

Suppose that the weight function satisfies 



lim {e\Vp){z)\^ + A(/?(2)) = +00, 

|2|— ►OO 



for some 6 G (0, 1), where 



|v^(^)P = X^ 



fc=i 



dxk 



+ 



Then the embedding of W {C"", (p,V(p) into L {C'^,(p) is compact. 

Proof. We adapt methods from [BDHj or [Jo], Proposition 6.2., or [KM] . For the vector 
fields Xj from 13.2] and their formal adjoints X* = we have 



dip ^ J 9V 

for / e Co°°(C"), and 



(X, + ^;)/ = / and [X„X;]f = /, 



([x„x;]/,/)^ = ||x;/||j-||x,-/||^, 

WiX, + X;)f\\l < (1 + l/e)||X,/||J + (1 + e)||x;/||J 
for each e > 0. Similar relations hold for the vector fields Yj. Now we set 

^{z) = \Vv{z)f + {l + e)A^{z). 

It follows that 

(vl>/, /), < (2 + e + 1/e) j^iW^^fWl + ll^^'/liy • 

Since C(f(C") is dense in iy^(C", v?, V<y9) by definition, this inequality holds for all 
/eiyi(C",<^,V<^). 

If {fk)k is a sequence in ^^-'^(C", (p, Vp) converging weakly to 0, then {fk)k is a bounded 
sequence in iy^(C", ip, Vp) and our the assumption implies that 

^{z) = \Vp^{z)\^ + {l + e)Ap{z) 

is positive in a neighborhood of oo. So we obtain 

C |2|<i? |2|>i? ~ 



< C'</3,_R ||//c|Il2(b ) + 7 



2 ll/fc|l(/3,Vl/2 

inf{^(2) : l^l > R}' 



Hence the assumption and the fact that the injection W^^(Bj:j) ^ L^(Bk) is compact 
(see for instance [T]) show that a subsequence of {fk)k tends to in L'^{C"',p). 

□ 

Remark 3.5. It follows that the adjoint to the above embedding, the embedding of 
L2(C",(^) into {W\C'',p,Vp)y = W-\C'',p,Vp) (m the sense of\3^ is also com- 
pact. 

Remark 3.6. Note that one does not need plurisubharmonicity of the weight function 
in Proposition \3.4\ If the weight is plurisubharmonic, one can of course drop 6 in the 
formulation of the assumption. 



4. Compactness estimates 



The following Proposition reformulates the compactness condition for the case of a 
bounded pseudoconvex domain in C", see |BS] . |Str] . The difference to the compact- 
ness estimates for bounded pseudoconvex domains is that here we have to assume an 
additional condition on the weight function implying a corresponding Rellich - Lemma. 

Proposition 4.1. 

Suppose that the weight function ip satisfies (*) and 

lim {e\Vip{z)\^ + A(/;(^)) = +CX), 

z|— >oo 

for some 9 G (0, 1), then the following statements are equivalent. 

(1) The d-Neumann operator Ni^^ is a compact operator from L"^^ -^^^{C"' , ip) into 
itself. 

(2) The embedding of the space dom{d)n dom{d^), provided with the graph norm 
u ^ i\\u\\l + \\du\\l + P*m||^)V2^ into i^(o,i)(C", if) is compact. 

(3) For every positive e there exists a constant such that 



\u 



<e{\\du\\l+\\dlu\\l)+CM\\^,^^. 



for all u G dom{d) fl dom{d*^). 
(4) The operators 

d^Ni,^ : L^o^,)(C", ^) n ker(d) L^C", ^) and 

d^N^,^ : L^o_2)(C^ cp) n ker(d) 4^i)(C", y.) 
are both compact. 

Proof. First we show that (1) and (4) are equivalent: suppose that Ni^^ is compact. 
For / G ^^0,1) ^) follows that 

p;iVi,^/||2 < (/, iVi,^/)^ < eWfWl + a\\N,Jl 
by Lemma 2 of |CDj . Hence d*^Ni^i^ is compact. Applying the formula 

(see for instance [ChShj ). we get that also d*^N2,^ is compact. The converse follows 
easily from the same formula. 

Now we show (4) =^ (3) =^ (2) =^ (1). We follow the lines of [Str] . where the 
case of a bounded pseudoconvex domain is handled. 

Assume (4): if (3) does not hold, then there exists eo > and a sequence (u„)„ in 
dom{d) ndom(9^) with ||Mn||<^ = 1 and 

\\Un\\l > eo{\\dUn\\l + + n\\Un\\li^^y^ 
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for each n > 1, which imphes that u,„ — in W^q\^{C^, ^p, Vy?)- Since m„ can be written 
in the form 

(4) imphes there exists a subsequence of (m„)„ converging in L^q ip) and the hmit 

must be 0, which contradicts ||Mn||<^ = 1- 

To show that (3) imphes (2) we consider a bounded sequence in dom((9) fl dom(9^). 
By I2.4l this sequence is also bounded in L^q (p). Now 13.41 imphes that it has a sub- 

sequence converging in W^\-^{C'^, if, Vv?)- FinaUy use (3) to show that this subsequence 
is a Cauchy sequence in L^g i)(C", (p), therefore (2) holds. 
Assume (2) : by 12.41 and the basic facts about A^i,!^, it follows that 

iVi,^ : Ljo,i)(C", dom {d) H dom {dl) 

is continuous in the graph topology, hence 

iVi,^ : L2o^i)(C", dom (d) n dom (dl) ^ L%^,){C^, ^) 

is compact. 

□ 

Remark 4.2. 

Suppose that the weight function (p is plurisubharmonic and that the lowest eigenvalue 
of the Levi - matrix satisfies 

lim X^{z) = +00. (**) 

|2|— >00 

This condition implies that Ni^^ is compact |HaHej . 

It also implies that the condition of the Rellich - Lemma \3.4\ is satisfied. 

This follows from the fact that we have for the trace tr(M^) of the Levi - matrix 

tr(M^) = ^A^, 

and since for any invertible (n x n)-matrix T 

tr(M^) = tr(TM^T-i), 

it follows that tr(M<^) equals the sum of all eigenvalues of M^^. Hence our assumption on 
the lowest eigenvalue of the Levi - matrix implies that the assumption of Proposition 
13.41 is satisfied. 

In order to use Propostion 14.11 to show compactness of A^,^ we still need 

Proposition 4.3. ( Gdrding's inequality) Let Q be a smooth bounded domain. Then 
for any u G y?, Vy?) with compact support in VL 

\\u\\i,,y,<c{n,^) {\mi + \K< + Ml)- 
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Proof. The operator is strictly elliptic since its principal part equals the Laplacian. 
Now —D^ = — (9©9*)* o (c}©9*), so from general PDE theory follows that the system 
9 © 9* is elliptic. This is, because a differential operator P of order s is elliptic if and 
only if (— 1)*P* o P is strictly elliptic. So because of ellipticity, one has on each smooth 
bounded domain Q the classical Garding inequality 



\u\\l<C{n)(\\duf + \\dlu\\'+\\u\\'^ 



for any (O,l)-form u with coefficients in C^. But our weight ip is smooth on Q, hence 
the weighted and unweighted L^-norms on Q are equivalent, and therefore 



\u 



< Csiwduf + p>f + wuf) < c,{\\du\\i + J + ii^iiy 



We are now able to give a different proof of the main result in |HaHej . 



□ 



Theorem 4.4. Let (f be plurisuhharmonic. If the lowest eigenvalue \^p{z) of the Levi - 
matrix satisfies (**), then N^p is compact. 

Proof. By Proposition 13.41 and Remark 14. 2^ it suffices to show a compactness estimate 
and use Proposition 14. 1[ Given e > we choose M G N with 1/M < e/2 and R such 
that \{z) > M whenever \z\ > R. Let x be a smooth cutoff function identically one on 
Mr. Hence we can estimate 

<QMJ) + M{xfJ)^ 

<QMJ') + M\\xf\\ l,ip,Vip\\f\\-l,ip,Vip 

<QM, f) + Ma||x/||l^,v^ + a-'M\\f\W^^^^, 

where a is to be chosen a bit later. Now we apply Garding's inequality 14.31 to the second 
term, so there is a constant Cr depending on R such that 

M\\f\\l < Q^(/, /) + MaCn (Q^(/, /) + \\f\\l) + a-'M\\f\W^y^. 
By Proposition 12.41 and after increasing Cn we have 

M\\f\\l < QM, f) + MaCnQM^ f) + 
Now choose a such that aC/j < e/2, then 

ll/IIJ<eQ.(/,/) + «-'ll/ll-i,,,v. 

and this estimate is equivalent to compactness by 14.11 □ 



Remark 4.5. Assumption (**) on the lowest eigenvalue of M^^ is the analog of property 
(P) introduced by Catlin in [Ca] in case of bounded pseudoconvex domains. Therefore 
the proof is similar. 



12 



Remark 4.6. We mention that for the weight ^p{z) = {zl"^ the d-Neumann operator 
fails to he compact (see (HaHej ). hut the condition 

lim {e\V^{z)\^ + /\^{z)) = +00 

\z\^oo 

of the Rellich - Lemma is satisfied. 

Remark 4.7. Denote hy VF^™ (C"') the space of functions which locally helong to the clas- 
sical unweighted Soholev space W'^{C"'). Suppose that D^pV = g and g G W^i™c(o 
Then v G W^^^c^o P^^f^icular, if there exists a weighted d-Neumann operator 

N^, it maps C(^^i')(C") n L^o ^(C",(^) mto itself. 

is strictly elliptic, and the statement in fact follows from interior regularity of a 
general second order elliptic operator. The reader can find more on elliptic regularity 
for instance in jEv] . chapter 6.3. 

An analog statement is true for S^p. If there exists a continuous canonical solution 
operator S^, it maps C(^j^-j(C") fl L'^^q ^-^{C^ , ip) into itself. This follows from ellipticity 

of 9. 



Although is strictly elliptic, the question whether S^p is globally or exactly regular 
is harder to answer. This is, because our domain is not bounded and neither are the 
coefficients of D^. Only in a very special case the question is easy - this is, when 
(the weighted space of entire functions) is zero. In this case, there is only one 
solution operator to 9, namely the canonical one, and if / G W^^(o i) ^iid u = S^pf, 
it follows that dD"u = D°'f, since d commutes with -£r-. Now is continuous, so 
||-D"m||<p < C||D°'/||<^, meaning that u G W^. So in this case is a bounded operator 
from 1^^(0,1) W^. 



Remark 4.8. Let A^^ ^^{C"' , (f) denote the space 0/ (0, l)-forms with holomorphic coef- 
ficients helonging to L'^{<C^.ip). 

We point out that assuming (**) implies directly - without use of Soholev spaces - that 
the emhedding of the space 

provided with the graph norm u ^ + into ^^-^(C", is compact. 

Compare \4.1\ (2). 



For this purpose let u G v^) fl dam (9* ). Then we obtain from the proof of 12.41 

that 

^2, 



/ o 
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Let us for u = Yl^=i'^j d-^j indentify u{z) with the vector {ui{z) , . . . , Un{z)) G C 
Then, if we denote by (., .) the standard inner product in C", we have 



{u{z),u{z)) = and {M^u{z) , u{z)) = ^^^^Uj{z)ukiz). 

j=l j,k=l 



Note that the lowest eigenvalue of the Levi - matrix can be expressed as 

{M^u{z),u{z)) 



X^{z) = inf 



{z)^o {u{z),u{z)) 



So we get 



{u^u)e dX < I {u,u)e '^dX+l inf X^{z)] / X^{z){u,u)e dX 



< (M,M)e-^rfA+ [ inf X^{z)]~^ / (M^m, M)e~^ c/A. 

For a given e > choose R so large that 

[ inf X^{z)]-^ < e, 

and use the fact that for Bergman spaces of holomorphic functions the embedding of 
A^iMjiJ into A'^(Er^) is compact for R2 < Ri. So the desired conclusion follows. 



Remark 4.9. Part of the results, in particular Theorem 4^. are taken from [GaJ. We 
finally mention that the methods used in this paper can also be applied to treat unbounded 
pseudoconvex domains with boundary, see jGaj . 
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